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Abstract—The present paper describes the impacts of hydrology,
biogeochemistry and bathymetry on phosphorus dynamics in
freshwater ecosystem. Various methods for quantifying phosphorus
retention have been discussed, including the phosphorus spiraling
concept and the advection-dispersion-reaction equation as well as its
associated forms. The various parameters typically measured during
field or experimental studies that are used in these models. Finally,
we compare the similarities and differences in methodologies used to
model phosphorus retention in freshwater ecosystems and the need to
frame phosphorus processing freshwater ecosystems.

1. INTRODUCTION

Freshwater bodies receive large quantities of excess nutrients
generated from terrestrial ecosystems, and both lentic systems
(slow-moving water bodies such as lakes, reservoirs, and
wetlands) and lotic systems (fast-moving water bodies such as
streams and rivers) function as key reactive interfaces for
phosphorus removal from the water column [1]. Additionally,
phosphorus typically exists in two major forms: sediment
bound phosphorus and dissolved phosphorus [2]. Phosphorus
typically enters the terrestrial ecosystem through physical or
chemical erosion of phosphorus-bearing minerals (such as
apatite) or anthropogenic inputs such as fertilizer [3]. Once in
the soils, phosphorus may be used by plants if bio-available,
stored as sediment-bound phosphorus until eroded by overland
flow, or leached into groundwater [4, 5]. Phosphorus is only
retained in the ecosystem via storage (whether in biomass or
sediments). These storage pools can be temporary in nature, as
biomass will eventually die and become active in the cycle
again, and sediment phosphorus can be re-released under
reducing conditions and high pH [6]. The settling of
particulate phosphorus in aquatic ecosystems, however, serves
as an important sink of phosphorus in ecosystem. Retention
processes for phosphorus are typically modeled as first-order
reactions, although more complex process-based models that
consider saturation kinetics and second-order dependencies do
exist [7-10]. First-order fluxes are characterized by a rate
constant (k) multiplied by the mass or concentration of a
chemical constituent. While first-order equations allow for
simple analytical solutions of models and thus less
computation time, they may be only applicable under certain

conditions. Consequently, models of these first-order
processes can be modified to accommodate different
biogeochemical factors. Over fifty models that quantified and
found that approximately 65% of them followed first-order
kinetics. Amongst these models, additional modifiers such as
soil saturation, temperature, pH level, and phosphorus
availability have been formulated. Similarly, the settling and
sorption of phosphorus is not truly linear in the environment.
Linear settling rates are based on the assumption that lakes are
dilute and that the sediment particles do not interact with each
other [11]. While the kinetics of phosphorus sorption can be
modelled using a linear isotherm, they can also be modelled
using Michaelis-Menten type functions, or dependencies on
iron concentrations, pH, etc. [12]. The explicitly of model
sorption does not depend on sorption, but treat settling as a
dominant, first-order process, which implicitly assumes that
phosphorus will be adsorbed onto sediment. Accordingly, our
focus herein is on literature that employs first-order modeling
approaches to simulate phosphorus retention processes in
different freshwater ecosystems. While freshwater ecosystems
are often thought of as net phosphorus sinks in the landscape,
there are instances in which these systems act as net
phosphorus sources. Net source dynamics may manifest
seasonally and be caused by the dominance of certain internal
processes or the reduction of the main removal processes [13].
Net export of reactive phosphorus in water bodies across long
time scales tend to be uncommon, as described by the meta-
analysis performed by [14] and the work by [15]. The present
paper describes the impacts of hydrology, biogeochemistry
and bathymetry on phosphorus dynamics in freshwater
ecosystem. Various methods for quantifying phosphorus
retention have been discussed, including the phosphorus
spiraling concept and the advection-dispersion-reaction
equation as well as its associated forms.

2. METHODS OF MODELLING

The phosphorus spiraling model can be summarized using
several simple metrics. [16] presented the concept of the
spiraling length, S, which is the characteristic length that a
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phosphorus particle must travels to complete one spiral (from
dissolved form in water to particulate phase to organic phase
and back to aqueous phase). This spiraling length, S, can be
quantified by using the uptake rate constant, k, and the stream
velocity, u, where S = u/k. Thus systems with a low spiraling
length are considered to be more efficient in using nutrients.

A process-based model that is commonly used to characterize
phosphorus retention in the advection-dispersion-reaction
equation (ADRE) [17]. This model provides three modes of
transport for a contaminant: advective transport with the flow
of water, dispersion or diffusive transport due to concentration
gradients, and a reactive pathway due to a general
biogeochemical reaction. As described below, there have been
two common modifications to the ADRE are: (1) the addition
of the hyporheic exchange and (2) the simplified plug flow
reactor model (PFR). More complex nutrient spiraling models
that explicitly account for biological uptake in the channel and
hyporheic zone do exist, but it has been demonstrated that at
long-term scales (at annual or greater time scales) settling (for
P) are the dominant retention processes. Furthermore, while
more complex models provide more flexibility and fewer
assumptions, the number of parameters may lead to issues of
equifinality and difficulties in isolating the interactions
between state variables and outputs [18].

The ADRE with hyporheic exchange, also known as the One-
Dimensional Transport with Inflow and Storage model (OTIS)
model was originally developed to model the tracers under the
influence of surface and groundwater interactions on water
quality [19]. This modeling framework has been widely used
in stream systems where the groundwater-surface water
exchange constitutes an important component of nitrogen
cycling [20] and can be used to link the physical geometry to
phosphorus retention in a parsimonious manner. This model
can be written as:

ac ac a%c
== —u;+D;—kC— a(C - Cyz) (1a)

%42 = Ra(C - Cyz) — kyCuz

T (1)

where C is the concentration of the contaminant in the channel
(M/L%), t and x are time (T) and space (L), v is the mean
velocity of the advective flow (L/T), D is the dispersion
coefficient (L%T), k is a biogeochemical reaction in the
channel (1/T), Cyz is the concentration in the hyporheic zone
(M/L%), R is the ratio of the cross-sectional area of the main
channel to the hyporheic zone (-), and k; is the biogeochemical
reaction rate constant in the hyporheic zone (1/T).

The PFR model is a simplification of the ADRE model in that
it removes the dispersive term and assumes that the
contaminant moves as a ‘plug’ through the system. In this
model, it is common to use the apparent uptake velocity v

(L/T) to quantify nutrient uptake in streams assuming first-
order kinetics. This parameter also spatially and temporally
averages the phosphorus spiraling mechanisms into a constant.
The PFR equation and its associated analytical solution are:

ac ac 4
Z= —p==IL (2a)
o dx h
A
€ =Coe ' (@2b)

Where v; is the nutrient uptake velocity (L/T) and h is the
mean depth of the channel (L), C, is the initial concentration
at the inlet (M/L?), and 7 is the mean water residence time (T).

The PFR model has been used extensively in freshwater
ecosystem and continentals scales due to its simplicity and its
spatiotemporal averaging of the fine-scale processes.
SPARROW, the commonly used are PFR approach, as have
studies [21-24]. In addition, [25] used the PFR model as the
basis for a river network model to determine the relative roles
of stream order on phosphorus removal. They found that small
streams remove more phosphorus mass on a per length basis
while larger streams remove more total phosphorus mass due
to longer residence times and because most of the land (and
nutrient mass) will eventually drain through the large streams.

3. PHOSPHORUS RETENTION
FRESHWATER ECOSYSTEM

RATES IN

Numerous studies have focused on phosphorus processing and
removal in freshwater bodies [26-32]. For phosphorus, the
mass flux of particulate phosphorus into long term sediment
storage has also been widely recognized as a dominant process
for phosphorus removal [33]. Wetlands, and especially
constructed wetlands, have also been a subject of interest as
sites for removing phosphorus from runoff or wastewater [34].

Limnological research was initially more strongly focused on
phosphorus removal, stemming from the seminal work of who
observed the limiting effects of phosphorus from a lake-scale
experiment, and the early work by [35] observing N:P ratios
on lake ecosystem health. [36] using a regression based model,
did not focus on the results pertaining to small lakes and
reservoirs nor postulate a mechanistic reason for this
phenomena. This modelling result was treated as a curiosity
and also speaks to the need of furthering our understanding of
these systems.

Early models of wetlands stem from the constructed wetland
use the PFR formulation to describe phosphorus retention [37-
41]. More complex models that consider the wetland to be
comprised of different compartments like the surface water,
littoral zone, macro fauna, top and deep soil exist as well.
Those using the simpler input-output model such as the PFR
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formulation typically are interested in the overall behavior and
the influence of relatively few controlling factors; conversely,
complex models are able to quantify the interaction of
multiple processes and the presence of feedback loops at the
cost of needing many parameters or constraints.

Similar to modelling phosphorus in stream, there are many
levels of complexity that can be added to a model to capture
more complex interactions among the biophysical and
ecosystem controls on phosphorus removal. In their simpler
forms, models can simulate water column dynamics alone,
while more complex approaches can extend to additional
compartments such as sediments, macrophytes and periphyton
[42].

The most basic models focus on the water column, with the
sediment being treated as a boundary. Limnologists studying
phosphorus retention commonly use the [43] methods, which
conceptualizes the lake as a continuously stirred tank reactor
(CSTR) with an effective removal rate constant ¢ (also
referred to as the volumetric rate constant ki c, (T™") that can
be estimated based on the percent removal R and the mean
water residence time 7 (Table 1). In its most basic form, the
CSTR equation can be written as:

VE = QCo = QC = kyeCV 3)

where V is the volume of the water column (L%), C, is the
concentration in the inflow (ML), C is the nitrogen
concentration in the water column and outflow (ML™), and Q
is the flow (L°T™).

CSTRs, or well-mixed reactors, are diffusion-dominated
systems, with any mass entering the system being assumed to
be instantaneously mixed within the water body, such that the
concentration within the water body and the outflow are the
same. Modeling as a CSTR is a widely accepted practice in
the limnologic literature. [44] conducted a review and found
hundreds of studies citing the original Vollenweider model or
some variant of the CSTR model to describe phosphorus
retention. By adding other mass fluxes such as a sedimentation
term, other studies such as those by [45-46] used the CSTR
formulation for phosphorus in lakes and reservoirs.

Another group of models focus only on the sediment, with the
water column providing a boundary condition to the sediment
model. Commercial models such as the HYDRUS Wetland
Module and COMSOL operate in a similar manner [47].
HYDRUS and COMSOL solve the Richard’s equation for
water flow and couple advective-dispersive transport
processes to contaminant flow [48]; however these models are
highly parameterized and are more tailored to subsurface
systems, with the surface water being treated as a boundary
condition.

There are also more complex limnologic models such as
Minlake [49], the wetland model by [50] and eutrophication
models [51] that couple nutrient processes in the water column
to the sediment zone, but these models have the added
complexity of hydrodynamics, spatial dimensions, or
ecological feedbacks that are beyond the scope of what can be
parameterized from a data synthesis.

4. PHOSPHORUS RETENTION RATE CONSTANTS
IN FRESHWATER ECOSYSTEMS

Modelling studies attempting to replicate field studies or
predict future behavior of a specific water body or its internal
processes at small scales tend to require more precise
spatiotemporal resolution and may necessitate additional
parameters to account for effects of temperature, pH, etc. On
the other hand, studies quantifying the behavior of systems at
larger scales such as watersheds or even continents will
encounter issues of expensive computational simulations
because of model complexity [52]. In the case of larger scales,
the first-order rate constant approach is often considered
sufficient to describe the behavior of water bodies as many
processes may be averaged spatially or temporally — thus
organization from complexity may emerge so that dominant
behaviours may be quantified at these scales with simple rate
constants [53].

The original phosphorus spiraling model for streams by [16]
presents a rate constant k, (LT") in the form of uptake
velocity, there is also a large body of work that uses the
volumetric constant k,p (T") (Table 1). The relation between
the two rate constants can be expressed as ; =k, ; = hk
where h (L) is the depth of the water body, i = ¢ or p for CSTR
and PFR formulations [37]. The areal rate constant k, ; or v;is
a biological measure of removal that is independent of the
surface water hydrology, while spatiotemporal variations in
hydrology are considered in the volumetric rate constant [54].
The areal rate constant is mainly affected by biogeochemical
controls such as dissolved oxygen, redox potential, organic
content and microbial activity [55], and has been shown to be
relatively independent of stream order. The independence of
the areal rate constant with respect to the depth and volume of
a system makes it a weaker choice when comparing the effects
of system size on its nutrient processing and points to the
choice of the volumetric rate constant within our work to
explore the controls of system size. Interestingly, tracer tests
on a number of treatment wetlands have shown that the flow
regimes actually lie between the extremes of a PFR and a
CSTR [56], and thus studying these two end-member systems
enable us to constrain the system response. The simplicity of
the equations allows us to calculate these rate constants as a
function of R (for the volumetric rate constant) or R and
hydraulic loading rate q (for the areal rate constant).
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Table 1. Comparison of commonly used first-order removal rate constants

Removal Rate

Steady State

Example Usage in Papers in

Units Removal/Retention g Carinty
Constant Name , Different Disciplines
Equation
CSTR Model
Apparent removal . ' R Lakes and reservoirs: Sonzogni et al. [1982],

: E kor =V = Dill d Molot [1 for P; Kelly et al. [1987
velocity (vze) (L1 Kac = Pre (.1 —R)q on and Molot [ 99;50],-\0-! » Kelly etal. [1987)
Volumetric rate
constant (K, c), [T'l] S ( R ) 1 Lakes and reservoirs: Hejzlar et al. [2006] for P,
Vollenweider rate fve = \1-R/* Volleweider [1975] for P,
constant (&)

PFR Model
Lakes and reservoirs: Hamson et al. [2009] for N,
‘.x_real rate constant Knight ez al. [2003] for P, Wollheim et al. [2008)
Totake v e -1 e g g o and Beusen et al [2015] for N and P;
(kap), Uptake velocity LTT]  kap =vrp=-In(1=R)q ot e Korias i WAl
(e [2009] for N and P;
Rivers: Wollheim et al. [2006] for N
Volumetric rate : . Constructed wetlands: Carleton et al. [2007] for
constant (& p), time [T kyp=In(1 - R) - Nand P;

specific uptake rate

Rivers: Alexander et al [2009] for N

where R 1s the fraction of nutrient retained [-], ¢ is the hydraulic loading rate [LT'I] and 7 is the
mean water residence time [T]. The subscripts @ and v indicate the areal and volumetric rate
constants, the p and ¢ refer to the PFR and CSTR models.

5. DAMKOHLER NUMBER: A RATIO TO UNITE
HYDROLOGY WITH BIOGEOCHEMISTRY

The Damkohler number, Da, is a dimensionless ratio between
a hydrological time scale (for example the water residence
time t,, (T)) and a reaction time scale (for example the inverse
of the volumetric rate constant t,,, = 1/k (T)); the ratio can be
generally written as Ty, /Tx,. A Damkohler number equal to 1
indicates that the transport and reaction timescales are
balanced, while Da < 1 indicates transport limitation, and
Da >1 implies reaction rate limitation where biophysical
conditions are limiting for the reaction [57]. In other words,
the reaction times are much smaller than transport or exposure
times, and thus the nutrient will be removed fully from the
water column under reaction rate limiting conditions.
Conversely, if reaction times are larger than transport times,
there is insufficient time for reactions to occur (and often
assumptions of equilibrium are not met) in transport limiting
conditions. [58] sampled a transverse cross-section of a
streambed and found that deep locations characterized by
hyporheic exchange flows had a Da greater than 1 (i.e.
reaction rate limited). These hotspots had more reducing
conditions and lower oxygen levels [59], similarly found that
the hyporheic zone was largely reaction limited in their study
site. [60] applied the Da framework to hillslopes and riparian
zones and found that the slope of the system acted as a major
control on nutrient attenuation. The flatter hillslope, which had
longer transport times, would consequently be reaction
limited. The use of the Damkohler number provides a concise
way to summarize a system’s behavior in a non-dimensional

manner and thus allows one to compare different types of
water bodies that span multiple orders of magnitude in size.

6. CONCLUSION

The clear relationships seen between the biogeochemical
functions of the water body and the size of the system. A
process-based model that is commonly used to characterize
phosphorus retention in the advection-dispersion-reaction
equation (ADRE) which provides three modes of transport for
a contaminant: advective transport with the flow of water,
dispersion or diffusive transport due to concentration
gradients, and a reactive pathway due to a general
biogeochemical reaction. The PFR model has been used
extensively in freshwater ecosystem and continentals scales
due to its simplicity and its spatiotemporal averaging of the
fine-scale processes. The Damkohler number provides a
concise way to summarize a system’s behavior in a non-
dimensional manner and thus allows one to compare different
types of water bodies that span multiple orders of magnitude
in size.
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